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Abstract
As is well-known, there exist totally three CP-violating phases in the leptonic sector if
three ordinary neutrinos are massive Majorana particles. In this short note, we raise the
question whether the number of sufficient and necessary conditions for CP conservation in
the leptonic sector with massive Majorana neutrinos is three or four. An intuitive answer
to this question would be three, which is also the total number of independent CP-violating
phases. However, we give a counter example, in which three conditions are in general not
sufficient for CP conservation. Only for all the lepton masses and mixing angles within
their experimentally allowed ranges can we demonstrate that it is possible to find out three
weak-basis invariants, which should be vanishing to guarantee leptonic CP conservation.
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1 Introduction
At the low-energy scale, lepton masses, flavor mixing angles and CP-violating phases are governed
by the following effective Lagrangian [1]
−Lmass = lLMllR +
1
2
νLMνν
C
L + h.c. , (1)
where νCL ≡ CνLT with C ≡ iγ2γ0 being the charge-conjugation matrix, Ml and Mν stand for the
charged-lepton mass matrix and the Majorana neutrino mass matrix, respectively. Long time ago,
it was suggested in Ref. [2] that three vanishing weak-basis (WB) invariants
I1 ≡ Tr
{
[Hν , Hl]
3} = 0 , (2)
I2 ≡ Im {Tr [HlHνGlν ]} = 0 , (3)
I3 ≡ Tr
{
[Glν , Hl]
3} = 0 , (4)
where Hl ≡MlM †l , Hν ≡MνM †ν and Glν ≡MνH∗lM †ν have been introduced, constitute a minimal
set of sufficient and necessary conditions for CP conservation in the leptonic sector with massive
Majorana neutrinos. It is worthwhile to emphasize that both charged-lepton and neutrino masses
have been assumed to non-degenerate, which is actually true in light of recent neutrino oscillation
data [3]. If neutrino masses were partially or completely degenerate, the number of sufficient and
necessary conditions for CP conservation would be different [4–7].
On the other hand, it has been proved in Ref. [4] that four vanishing WB invariants are
indeed sufficient and necessary conditions for CP conservation in the leptonic sector with massive
Majorana neutrinos, namely,
Î1 ≡ Im {Tr [HlHνGlν ]} = 0 , (5)
Î2 ≡ Im
{
Tr
[
HlH
2
νGlν
]}
= 0 , (6)
Î3 ≡ Im
{
Tr
[
HlH
2
νGlνHν
]}
= 0 , (7)
Î4 ≡ Im {Det [Glν +HlHν ]} = 0 , (8)
where we have translated the original equations in Ref. [4] into those in our notations defined in
Eq. (1). As is well-known, there exist totally three CP-violating phases in the leptonic sector with
Majorana neutrinos, one of which is of the Dirac type and the other two are of Majorana type. In
the physical basis where the charged-lepton mass matrix Ml = M̂l ≡ Diag{me,mµ,mτ} and the
Majorana neutrino mass matrix Mν = M̂ν ≡ Diag{m1,m2,m3} are both diagonal, the leptonic
CP-violating phases will appear in the charged-current weak interaction through the flavor mixing
matrix V , which is usually parametrized in terms of three mixing angles {θ12, θ13, θ23} and three
CP-violating phases {δ, ρ, σ}, i.e.,
V =
 c13c12 c13s12 s13e−iδ−s12c23 − c12s13s23eiδ +c12c23 − s12s13s23eiδ c13s23
+s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23
 ·
eiρ 0 00 eiσ 0
0 0 1
 , (9)
where cij ≡ cos θij and sij ≡ sin θij (for ij = 12, 13, 23) have been defined. Therefore, it is quite
natural to claim that three vanishing WB invariants, as in Eqs. (2)-(4), should be the sufficient
and necessary conditions for CP conservation.
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In this paper, we raise the question whether the number of sufficient and necessary conditions
for CP conservation in the leptonic sector with Majorana neutrinos is three or four. It can be
easily verified that the WB invariant I1 is proportional to the Jarlskog invariant J [8, 9] in the
leptonic sector, which can be explicitly calculated as J = s12c12s23c23s13c213 sin δ for the standard
parametrization of V in Eq. (9). Hence I1 = 0 serves as the sufficient and necessary condition
for a trivial Dirac CP-violating phase δ = 0 or 180◦, given the observed neutrino mixing angles
θ12 = 33.82
◦, θ13 = 8.61
◦ and θ23 = 48.3
◦ [10]. Futhermore, the requirement for the other two
independent WB invariants I2 and I3 to be vanishing gives rise to two independent equations for
two Majorana CP-violating phases {ρ, σ}, which force these two phases to take only trivial values
0 or 90◦ [2]. However, as we shall explain later, this is true only when the yet unknown lightest
neutrino mass m1 in the case of normal neutrino mass ordering turns out to be in a properly
chosen range.1
The remaining part of our paper is structured as follows. In Sec. 2, we give a concrete counter
example, in which Eqs. (2)-(4) are satisfied while CP violation is still allowed. Then, we propose in
Sec. 3 two new sets of three independent WB invariants. When they are vanishing, CP conservation
is guaranteed for all the physical parameters within their experimentally allowed ranges. Finally,
we summarize our main conclusions in Sec. 4.
2 A Counter Example
In this section, we give a concrete counter example, in which all the conditions in Eqs. (2)-(4)
are fulfilled but CP violation is still present. Thus, one can conclude that Eqs. (2)-(4) cannot
be the sufficient conditions for CP conservation in the leptonic sector with Majorana neutrinos.
Since Ii (for i = 1, 2, 3) are WB invariants, they can be explicitly calculated in any basis and
the ultimate expressions should depend only on physical parameters, namely, the charged-lepton
masses {me,mµ,mτ}, neutrino masses {m1,m2,m3}, leptonic flavor mixing angles {θ12, θ13, θ23}
and CP-violating phases {δ, ρ, σ}. More explicitly, we can obtain
I1 = −6i∆21∆31∆32∆eµ∆µτ∆τeJ , (10)
where ∆ij ≡ m2i − m2j (for i, j = 1, 2, 3) and ∆αβ ≡ m2α − m2β (for α, β = e, µ, τ) denote the
mass-squared differences for neutrinos and charged-leptons, respectively. In addition, the Jarlskog
invariant J ≡ s12c12s23c23s13c213 sin δ involves all the mixing angles {θ12, θ13, θ23} and the Dirac-
type CP-violating phase δ. Given non-degenerate neutrino masses with ∆21 = 7.39 × 10−5 eV2
and ∆31 = 2.523× 10−3 eV2, as well as the observed mixing angles θ12 = 33.82◦, θ13 = 8.61◦ and
θ23 = 48.3
◦ from the latest global-fit analysis of current neutrino oscillation data [10], I1 = 0 holds
if and only if δ = 0 or 180◦. As a consequence, Eq. (2) ensures that the Dirac-type CP phase δ
can take only trivial values. Without loss of generality, we shall assume δ = 0 in the following
discussions if I1 = 0 is satisfied.
In order to prove that Ii = 0 (for i = 1, 2, 3) are not sufficient for CP conservation, we just
need to give a counter example of nontrivial solutions to ρ and σ. Once δ is forced to be zero by
1For clarity, we focus only on the case of normal neutrino mass ordering with m1 < m2 < m3. Nevertheless,
the case of inverted neutrino mass ordering with m3 < m1 < m2 can be investigated in a similar way.
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I1 = 0, one can immediately observe that I2 = 0 and I3 = 0 lead to two independent identities
for two Majorana-type CP phases, i.e.,
0 = f1 sin(2ρ) + f2 sin(2σ) + f3 sin(2ρ− 2σ) , (11)
0 = g1 sin(2ρ) + g2 sin(2σ) + g3 sin(2ρ− 2σ)
+g4 sin(2ρ+ 2σ) + g5 sin(2ρ− 4σ) + g6 sin(2σ − 4ρ) , (12)
where fi (for i = 1, 2, 3) and gj (for j = 1, 2, · · · , 6) are functions of three mixing angles and six
lepton masses, but they are independent of ρ and σ. The analytical expressions of these functions
are rather lengthy, which are listed in the Appendix A for reference. Although Eqs. (11) and (12)
are independent of each other, they are not linear equations of ρ and σ. Hence it is mathematically
incorrect to claim that ρ and σ take only trivial values 0 or 90◦. For some specific values of mixing
angles, neutrino masses and charged-lepton masses, there indeed exist nontrivial solutions to ρ
and σ in Eqs. (11) and (12) such that the CP symmetry is violated.
Now we give a numerical example. First, we adopt the best-fit values of neutrino mass-squared
differences ∆21 = 7.39×10−5 eV2, ∆31 = 2.523×10−3 eV2, and neutrino mixing angles θ12 = 33.82◦,
θ13 = 8.61
◦ and θ23 = 48.3
◦ from Ref. [10]. Once the lightest neutrino mass m1 is known, we can
determine the other two neutrino masses via m2 =
√
m21 + ∆21 and m3 =
√
m21 + ∆31. Moreover,
the charged-lepton masses me = 0.511 MeV, mµ = 105.658 MeV and mτ = 1776.86 MeV have
been precisely measured [3]. Then, one can see that the coefficients fi (for i = 1, 2, 3) and gj (for
j = 1, 2, · · · , 6) in Eqs. (11) and (12) depend only on the unknown parameter m1. At present, the
most restrictive bound on the lightest neutrino mass m1 comes from the precision measurements
of the cosmic microwave background and the large-scale structures in our Universe [11]
m1 +m2 +m3 < 0.12 eV , (13)
implying 0 ≤ m1 < 0.04 eV in the case of normal neutrino mass ordering. Taking m1 = 0.03 eV
for example, together with the aforementioned values of other relevant parameters, we can rewrite
Eqs. (11) and (12) as
I ′2 = −2.092 sin(2ρ)− 8.754 sin(2σ)− 0.035 sin(2ρ− 2σ) = 0 , (14)
I ′3 = 0.471 sin(2ρ)− 3.535 sin(2σ) + 1.177 sin(2ρ− 2σ)
−0.199 sin(2ρ+ 2σ)− 2.574 sin(2ρ− 4σ)− 0.934 sin(2σ − 4ρ) = 0 , (15)
where we have defined I ′2 ≡ I2/(106 eV4 ·MeV4) and I ′3 ≡ I3/(6i ·1024 eV6 ·MeV12) to make these
two invariants dimensionless and to ensure that the numerical coefficients appearing in Eqs. (14)
and (15) are of O(1). These two equations have nontrivial solutions for ρ and σ, i.e.,{
ρ = 38.551◦
σ = 173.146◦
, or
{
ρ = 141.449◦
σ = 6.854◦
, (16)
which clearly indicates that CP violation is still present even when Eqs. (2)-(4) are satisfied. Note
that according to the standard parametrization of the leptonic flavor mixing matrix V in Eq. (9),
the physical ranges of three CP-violating phases should be δ ∈ [0, 360◦) and ρ, σ ∈ [0, 180◦).
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Figure 1: Illustration for the dependence of two WB invariants I ′2 and I ′3 on the Majorana CP
phases ρ and σ. In the upper panel, we fix ρ = 38.551◦ and show the variation of I ′2 (red dotted
curve) and I ′3 (blue dashed curve) against σ. In the lower panel, σ = 173.146◦ is fixed and ρ is
varying in the range of [0, 180◦). In both panels, two curves for I ′2 and I ′3 intersect at the common
nontrivial zero point (ρ, σ) = (38.551◦, 173.146◦).
As numerical calculations are always limited by their default precisions, one may wonder if
those solutions in Eq. (16) are just numerical artifacts. To clarify this issue, we fix ρ = 38.551◦
and show how I ′2 and I ′3 change with respect to σ in the upper panel of Fig. 1. One can see
that I ′2 (red dotted curve) and I ′3 (blue dashed curve) intersect and vanish at the common point
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Figure 2: Illustration for the real parts (the upper panel) and the imaginary parts (the lower
panel) of the nontrivial solutions to ρ (red dashed curve) and σ (blue solid curve) for different
values of the lightest neutrino mass m1.
σ = 173.146◦. As a double check, we fix σ = 173.146◦ and illustrate how I ′2 and I ′3 change with
ρ in the lower panel of Fig. 1. The intersecting zero point of I ′2 and I ′3 is located at ρ = 38.551◦
as it should be. In both panels, significant deviations of I ′2 and I ′3 from zero can be observed
when ρ and σ take the values other than their solutions in Eq. (16). The other set of solutions
(ρ, σ) = (141.449◦, 6.854◦) can be analyzed in a similar way. Therefore, it is quite convincing that
the nontrivial solutions to ρ and σ are physically meaningful.
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We have demonstrated that for m1 = 0.03 eV there will be nontrivial CP-violating phases ρ
and σ even when Eqs. (2)-(4) are satisfied. Hence one can conclude that Ii = 0 (for i = 1, 2, 3) are
not the sufficient conditions for CP conservation in the leptonic sector with Majorana neutrinos.
An immediate question is how the nontrivial solutions to ρ and σ depend on the lightest neutrino
mass m1. To answer this question, we illustrate the variations of the real and imaginary parts
of ρ and σ with respect to m1 in Fig. 2. The strategy to search for the nontrivial solutions is
as follows. First, I1 = 0 is required to ensure that δ = 0 or 180◦. Second, we numerically solve
the equations of I2 = 0 and I3 = 0 for ρ and σ, given an arbitrary value of m1 in the range of
(0, 0.04] eV. Since ρ and σ should be real, the appearance of their imaginary parts implies that
there are no meaningful nontrivial solutions. Interestingly, one can observe from both panels of
Fig. 2 that a critical value of m∗ shows up at
m1 = m∗ ≈ 0.0265 eV , (17)
whose exact value certainly depends on the input values of other physical parameters. For m1 >
m∗, the nontrivial solutions of ρ and σ are real and thus physically allowed, so the CP conservation
is absent. For m1 ≤ m∗, the solutions of ρ and σ become purely imaginary, which is physically
meaningless, so the CP conservation is maintained. In the particular case of m1 = 0, as in the
minimal version of type-I seesaw model for tiny Majorana neutrino masses [12, 13], since the
Majorana CP phase ρ associated with the mass eigenvalue m1 automatically disappears, we are
left with only one physical Majorana CP phase σ. Therefore, either Eq. (3) or Eq. (4) is sufficient
to guarantee CP conservation, which is well consistent with our numerical results in Fig. 2.
To conclude, when 0 ≤ m1 ≤ m∗ ≈ 0.0265 eV, Eqs. (2)-(4) guarantee CP conservation in the
leptonic sector. But for m1 > m∗ ≈ 0.0265 eV, Eqs. (2)-(4) are not sufficient conditions for CP
conservation. As the lightest neutrino mass is restricted into the range 0 ≤ m1 < 0.04 eV by
cosmological observations, we arrive at the final conclusion that Eqs. (2)-(4) are not sufficient and
necessary conditions for CP conservation in the whole physically allowed parameter space.
3 New Sets of Three WB Invariants
Although the vanishing of three WB invariants in Eqs. (2)-(4) are not sufficient for CP conserva-
tion in the leptonic sector, it is intuitively expected that the number of sufficient and necessary
conditions for CP conservation should be three, which is the total number of CP-violating phases
in the flavor mixing matrix for massive Majorana neutrinos. On the other hand, one may be
curious about what happens if another set of three WB invariants are chosen. Generally speaking,
since the requirement for three independent WB invariants to be zero leads to three indepen-
dent nonlinear equations of three CP phases, they are unable to enforce these phases to take just
trivial values. If we choose another set of three WB invariants, then it is likely that there exists
another critical value of m1, above which we can find real and nontrivial solutions for CP-violating
phases. However, different sets of three WB invariants give rise to different critical values for m1.
Therefore, what we need to do is to find out a new set of three WB invariants, which render the
critical value of m1 to be larger than the upper bound m1 < 0.04 eV such that CP conservation
is guaranteed at least for all the physical parameters within the experimentally allowed regions.
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Figure 3: Illustration for the real parts (the upper panel) and the imaginary parts (the lower
panel) of the nontrivial solutions of ρ (red dashed curve) and σ (blue solid curve) for different
values of m1, given the new set of three WB invariants {I1, I2, Î2}.
For this purpose, we retain the WB invariant I1 so that I1 = 0 forces the Dirac CP phase
δ to be 0 or 180◦. As has been proved in Ref. [4], it is always possible to construct a series of
WB invariants in the form of Ikmnrst ≡ Im
{
Tr
[
Hkl H
m
ν G
n
lνH
r
l H
s
νG
t
lν · · ·
]}
, where the nonnegative
integers {k,m, n, r, s, t} are the power indices and “· · · ” denote the additional matrices formed of
Hl, Hν and Glν . It is straightforward to verify these quantities Ikmnrst are invariant under the WB
transformations and they are related to all three CP-violating phases in the flavor mixing matrix.
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Figure 4: Illustration for the real parts (the upper panel) and the imaginary parts (the lower
panel) of the nontrivial solutions of ρ (red dashed curve) and σ (blue solid curve) for different
values of m1, given the new set of three WB invariants {I1, Î2, Î3}.
For illustration, we propose a new set of three WB invariants {I1, I2, Î2}, where Î2 has been
given in Eq. (6). Under the condition I1 = 0, which requires δ = 0, one can explicitly calculate
I2 = 0 and Î2 = 0. While the former leads to the same identity in Eq. (11), the latter gives
0 = h1 sin(2ρ) + h2 sin(2σ) + h3 sin(2ρ− 2σ) , (18)
where hi (for i = 1, 2, 3) are functions of charged-lepton masses, neutrino masses and flavor mixing
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angles. The explicit expressions of hi (for i = 1, 2, 3) are also summarized in the Appendix A.
Solving Eqs. (11) and (18) for ρ and σ in the same manner as before, we indeed find nontrivial
solutions if m1 is larger than the critical value
m1 = m
′
∗ ≈ 0.0557 eV , (19)
where the same input values of other physical parameters as in Eq. (17) are taken. In Fig. 3,
we have shown the real and imaginary parts of ρ and σ against the lightest neutrino mass m1,
where the critical point at m1 = m
′
∗ ≈ 0.0557 eV can be easily identified. In addition, one can
observe that for m1 ≤ m′∗, the Majorana CP phases ρ and σ have both real and imaginary parts.
As we have mentioned, it is meaningless for ρ and σ to be complex. Therefore, these nontrivial
solutions to ρ and σ are not physical. For m1 > m
′
∗, the imaginary parts of ρ and σ vanish, and
the real parts deviate from the trivial value of ρ = 90◦ and σ = −90◦. This is a clear indication
of nontrivial and physical solutions of ρ and σ to the equations of I2 = 0 and Î2 = 0. However,
this happens only for m1 > m
′
∗ ≈ 0.0557 eV, which turns out to be in contradiction with the
cosmological bound on neutrino masses in Eq. (13). Therefore, it is reasonable to claim that the
vanishing of all the new set of three WB invariants {I1, I2, Î2} constitutes sufficient and necessary
conditions for CP conservation in the leptonic sector with massive Majorana neutrinos when all
the physical parameters are lying within their experimentally allowed regions.
It should be noted that our choice of WB invariants is by no means unique. It is possible to find
another set of three WB invariants to guarantee CP conservation, as long as the corresponding
critical value of m1 is larger than its cosmological upper bound 0.04 eV. For instance, we can also
take {I1, Î2, Î3} as the alternative set of WB invariants. The implications of I1 = 0 and Î2 = 0
have already been discussed, while the fulfillment of Î3 = 0 implies the following equation
0 = k1 sin(2ρ) + k2 sin(2σ) + k3 sin(2ρ− 2σ) , (20)
where the explicit expressions of ki (for i = 1, 2, 3) can be found in the Appendix A. For this set
of WB invariants, the critical value of m1 is found to be
m1 = m
′′
∗ ≈ 0.142 eV , (21)
which is even larger than the cosmological upper bound 0.12 eV on the sum of three neutrino
masses. Following the same approach as before, we first obtain the solution of δ = 0 to I1 = 0,
and then calculate the real and imaginary parts of the solutions of ρ and σ to the equations
Î2 = 0 and Î3 = 0. The numerical results are presented in Fig. 4, where the critical value of
m1 = m
′′
∗ ≈ 0.142 eV can be well recognized.
Finally, we stress that although any set of three WB invariants cannot in general guarantee
CP conservation, a set of four WB invariants are sufficient to achieve this goal as first suggested
in Ref. [4]. To be specific, we consider a set of four WB invariants {I1, I2, Î2, Î3}. Then it is
straightforward to prove that the vanishing of all these invariants is the sufficient and necessary
conditions for CP conservation in the leptonic sector with massive Majorana neutrinos. The proof
is as follows. First, I1 = 0 is equivalent to δ = 0 or 180◦, as we have known from the previous
discussions. Next, we notice that I2 = 0, Î2 = 0 and Î3 = 0 lead to Eqs. (11), (18) and (20),
10
respectively. These equations can be recast into the matrix formf1 f2 f3h1 h2 h3
k1 k2 k3
 ·
 sin(2ρ)sin(2σ)
sin(2ρ− 2σ)
 = 0 . (22)
The determinant of the coefficient matrix, denoted as A, on the left-hand side of Eq. (22) reads
Det(A) = h212h213h223m21m22m23∆221∆231∆232 , (23)
where hij ≡ | (Hl)ij | (for ij = 12, 13, 23) have been defined. Note that Hl here should be evaluated
in the basis where Mν is diagonal and in the assumption of δ = 0, as we explain in the Appendix A.
Given the experimentally observed charged-lepton masses and neutrino mixing angles, one can
verify that Det(A) 6= 0.2 Consequently, only zero solutions exist for the variables sin(2ρ), sin(2σ)
and sin(2ρ − 2σ) in Eq. (22). This completes the proof of CP conservation. It is worthwhile to
mention that this proof is valid no matter what value m1 may take.
4 Summary
In this paper, we raise the question whether the number of sufficient and necessary conditions for
CP conservation in the leptonic sector with massive Majorana neutrinos is three or four. The final
answer to this question can be summarized as below
• Four conditions, such as those in Eqs. (5)-(8) and I1 = I2 = Î2 = Î3 = 0, are sufficient and
necessary for CP conservation, which is independent of the yet-unknown lightest neutrino
mass m1. However, the number of sufficient and necessary conditions is larger than that of
CP-violating phases.
• Three conditions, such as I1 = I2 = Î2 = 0 and I1 = Î2 = Î3 = 0, are sufficient and
necessary for CP conservation, in the assumption that m1 < m
′
∗ ≈ 0.0557 eV in the former
case and m1 < m
′′
∗ ≈ 0.142 eV in the latter case.
Although we concentrate only on the case of normal neutrino mass ordering, it is quite obvious
that our analysis can be extended to the case of inverted neutrino mass ordering. Moreover, in the
scenarios of three sufficient conditions, the critical values of m1 depend very much on the choice
of WB invariants as well as the input values of other physical parameters.
We have not attempted to perform a systematic study of sufficient and necessary conditions for
leptonic CP conservation, which will be the topic of the forthcoming work [7]. However, by giving
a concrete counter example, we have demonstrated that even if three conditions in Eqs. (2)-(4)
are satisfied, there will be CP violation in the leptonic sector for m1 > m∗ ≈ 0.0265 eV. Given
the observationally allowed region m1 < 0.04 eV, two new sets of three WB invariants, namely,
{I1, I2, Î2} and {I1, Î2, Î3}, have been proposed such that I1 = I2 = Î2 = 0 or I1 = Î2 = Î3 = 0
serves as sufficient and necessary conditions for CP conservation. Such an investigation should be
very suggestive for our understanding of leptonic CP violation [14], which is the primary task for
the future neutrino oscillation experiments.
2An exceptional case is m1 = 0. However, as we have mentioned in Sec. 2, only the Majorana CP phase σ is
left in this case. So it will be forced to take trivial values if any one of {I2, Î2, Î3} vanishes.
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A Analytical Expressions of Relevant Functions
In this appendix, we collect the explicit expressions of all the relevant functions appearing in the
WB invariants, which are constructed via three Hermitian matices Hl ≡MlM †l , Hν = MνM †ν and
Glν ≡ MνH∗lM †ν . By definition, the WB invariants are independent of the flavor basis in which
they are calculated. Therefore, we work in the basis where the Majorana neutrino mass matrix
Mν = M̂ν ≡ Diag{m1,m2,m3} is diagonal. In this case, we have Hν = Diag{m21,m22,m23} and
(Hl)ij =
∑
α=e,µ,τ
m2αV
∗
αiVαj , (24)
(Glν)ij =
∑
α=e,µ,τ
mimjm
2
αVαiV
∗
αj , (25)
where V is the leptonic flavor mixing matrix given in Eq. (9). For every set of WB invariants in
question, we have chosen I1 as one element such that I1 = 0 ensures δ = 0 or 180◦. Under this
condition, Eqs. (24) and (25) will be further simplified to
(Hl)ij =
∑
α=e,µ,τ
m2αUαiUαje
−iωij , (26)
(Glν)ij =
∑
α=e,µ,τ
mimjm
2
αUαiUαje
+iωij , (27)
where the nonzero phases are ω12 = −ω21 = ρ − σ, ω13 = −ω31 = ρ and ω23 = −ω32 = σ, and U
denotes the real and orthogonal matrix obtained by setting all three phases in the mixing matrix
V to be zero, namely,
U =
 c13c12 c13s12 s13−s12c23 − c12s13s23 +c12c23 − s12s13s23 c13s23
+s12s23 − c12s13c23 −c12s23 − s12s13c23 c13c23
 , (28)
where only three mixing angles {θ12, θ13, θ23} are involved, and cij ≡ cos θij and sij ≡ sin θij have
been defined.
Now it is straightforward to calculate the moduli hij ≡ |(Hl)ij| of the matrix elements of Hl
in Eq. (26). For the off-diagonal elements, we obtain
h12 =
∑
α=e,µ,τ
m2αUα1Uα2 = Uµ1Uµ2∆µe + Uτ1Uτ2∆τe ,
h13 =
∑
α=e,µ,τ
m2αUα1Uα3 = Uµ1Uµ3∆µe + Uτ1Uτ3∆τe , (29)
h23 =
∑
α=e,µ,τ
m2αUα2Uα3 = Uµ2Uµ3∆µe + Uτ2Uτ3∆τe ,
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where the orthogonality conditions UeiUej +UeiUej +UeiUej = 0 for ij = 12, 13, 23 have been used
and ∆αβ ≡ m2α −m2β for α, β = e, µ, τ have been defined. For the diagonal elements, one gets
h11 =
∑
α=e,µ,τ
m2αU
2
α1 = m
2
e + U
2
µ1∆µe + U
2
τ1∆τe ,
h22 =
∑
α=e,µ,τ
m2αU
2
α2 = m
2
µ + U
2
e2∆eµ + U
2
τ2∆τµ , (30)
h33 =
∑
α=e,µ,τ
m2αU
2
α3 = m
2
τ + U
2
e3∆eτ + U
2
µ3∆µτ ,
where the normalization conditions U2ei + U
2
µi + U
2
τi = 1 for i = 1, 2, 3 have been implemented.
According to the parametrization of U in Eq. (28), we finally arrive at
h12 = −s12c12c213∆µe +
[
s12c12(s
2
13c
2
23 − s223) + (c212 − s212)s13s23c23
]
∆τµ ,
h13 = −c12s13c13∆µe + (s12s23 − c12s13c23)c13c23∆τµ ,
h23 = −s12s13c13∆µe − (c12s23 + s12s13c23)c13c23∆τµ ,
h11 = m
2
e + (1− c212c213)∆µe + (s12s23 − c12s13c23)2∆τµ ,
h22 = m
2
µ − s212c213∆µe + (c12s23 + s12s13c23)2∆τµ ,
h33 = m
2
τ − s213∆µe − (s213 + c213s223)∆τµ ,
where we have retained only two independent mass-squared differences ∆µe and ∆τµ for charged
leptons. From the last three equations, one can verify that h11 +h22 +h33 = m
2
e +m
2
µ +m
2
τ holds.
With the help of Eqs. (29) and (30), we can explicitly compute the WB invariants I2, Î2 and
Î3 and extract the relevant functions fi, hi and ki (for i = 1, 2, 3). The final results are relatively
simple and can be grouped into the matrix A that has been introduced in Eq. (22), viz.,
A =
 1 1 1m21 +m23 m22 +m23 m21 +m22
m21m
2
3 m
2
2m
2
3 m
2
1m
2
2
 ·
h213m1m3∆13 0 00 h223m2m3∆23 0
0 0 h212m1m2∆12
 , (31)
where ∆ij = m
2
i −m2j for i, j = 1, 2, 3 have been defined. Then it is easy to confirm the result for
the determinant of A in Eq. (23). In contrast, the expressions of gi (for i = 1, 2, · · · , 6) relevant
for the WB invariant I3 are rather lengthy. However, we list them below for completeness:
g1 = +6im1m3
{[
m42e(be− ac) +m21m23b(df − b2)
] · [b(c2 − a2) + ac(d− f)]
+m21m
2
2
{
ab(ab− cd)(b2 − a2) + d [b(c2 − a2) + ac(d− e)] (ac− be)
+ab(e− f) [ab(d− e) + c(a2 − d2)]}
+m22m
2
3
{
bc(bc− af)(c2 − b2) + f [b(c2 − a2) + ac(e− f)] (ac− be)
+bc(e− d) [bc(e− f) + a(f 2 − c2)]}} , (32)
g2 = −6im2m3
{[
m41d(cd− ab) +m22m23c(ef − c2)
] · [c(a2 − b2) + ab(f − e)]
+m21m
2
3
{
bc(bc− af)(c2 − b2) + f [c(a2 − b2) + ab(f − d)] (ab− cd)
+bc(d− e) [bc(f − d) + a(b2 − f 2)]}
+m21m
2
2
{
ac(ac− be)(a2 − c2) + e [c(a2 − b2) + ab(d− e)] (ab− cd)
+ac(d− f) [ac(d− e) + b(e2 − a2)]}} , (33)
13
g3 = −6im1m2
{[
m43f(af − bc) +m21m22a(de− a2)
] · [a(b2 − c2) + bc(e− d)]
+m22m
2
3
{
ac(ac− be)(a2 − c2) + e [a(b2 − c2) + bc(e− f)] (bc− af)
+ac(f − d) [ac(e− f) + b(c2 − e2)]}
+m21m
2
3
{
ab(ab− cd)(b2 − a2) + d [a(b2 − c2) + bc(f − d)] (bc− af)
+ab(f − e) [ab(f − d) + c(d2 − b2)]}} , (34)
and
g4 = +6im1m2m
2
3
[
b(ab− cd)m21 − c(ac− be)m22
] · [a(c2 − b2) + bc(d− e)] ,
g5 = +6im1m
2
2m3
[
a(ab− cd)m21 − c(bc− af)m23
] · [b(c2 − a2) + ac(d− f)] ,
g6 = +6im
2
1m2m3
[
a(ac− be)m22 − b(bc− af)m23
] · [c(b2 − a2) + ab(e− f)] , (35)
where a ≡ h12, b ≡ h13, c ≡ h23, d ≡ h11, e ≡ h22 and f ≡ h33 have been defined to just simplify
the notations. It should be stressed that although the expressions of gi (for i = 1, 2, · · · , 6) are
very complicated, they are indeed indpendent of the Majorana CP phases ρ and σ.
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